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Abstract
This paper investigates the stability properties of Jaimovich and Rebelo (2009)’s news-driven
business cycle model. In doing so, this paper adopts expectational stability (“E-stability”) as
a natural criterion for rationality: plausible equilibria should arise from an adaptive learning
formulation where agents form forecasts from a correctly specified model whose parameters are
updated in real time. In examining the model’s stability properties, I find that when agents
do not observe current state variables when forming expectations, the rational expectations
equilibrium (REE) is not learnable for some parameter values capable of generating news-driven
recessions. However, stronger informational assumptions regarding the timing of expectations
and outcomes can facilitate E-stability.
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Introduction

There has been renewed interest in business cycle models driven by news, partly due to the investment boom in the late 1990s and a key empirical finding by Beaudry and Portier (2006) that an
identified news shock uncorrelated with current technology can explain approximately 50 percent
of business cycle fluctuations. The news-driven business cycle literature posits a theory of fluctuations resurrecting an old idea from Arthur Pigou where booms and busts can arise from agents’
forecast errors.1 In these models, agents receive news about future productivity which can produce
aggregate fluctuations even without any concurrent change in fundamentals. Beaudry and Portier
(2004), Jaimovich and Rebelo (2009), Lorenzoni (2009), and Schmitt-Grohe and Uribe (2012) are
recent examples. Models with news shocks can generate recessions absent any technological regress,
which is both intuitively appealing and consistent with recent recessionary episodes.
While the existing literature has been somewhat successful in producing empirically plausible
news-driven cycles, these models make a strong assumption about individual rationality. In particular, these models assume rational expectations where agents know the true structure of the
economy and optimal forecasts are formed using all available information. Under rational expectations, news-driven cycles emerge in part because agents coordinate on equilibria that depend
on news about future productivity. A promising literature has emerged that relaxes the rational
expectations assumption in favor of adaptive learning, where agents behave as econometricians who
formulate forecasting models and update the parameters of their model in real-time.2 Thus a natural question is whether deviating from rational expectations in the form of learning can still lead
agents to coordinate on a rational expectations equilibrium.3
In assessing whether an equilibrium is stable under learning, agents are assumed to know the
functional form of the model economy but must learn the rational expectations equilibrium (REE)
parameterization. To model adaptive learning, agents are endowed with an econometric forecasting
model and must estimate the parameters of that model in real-time using a recursive least squares
learning algorithm. While attempting to learn this parameterization, agents’ forecasts of future
1
From Pigou (1927), “... a rise in prices... is liable to promote an error of optimism, and a fall in prices an error
of pessimism, and this mutual stimulation of errors and price movements may continue in a vicious spiral until it is
checked by some interference from outside.”
2
This approach follows Lucas (1986), Bray and Savin (1906), and Marcet and Sargent (1989). Evans and Honkapohja (2001) provide a comprehensive review and treatment of the adaptive learning approach.
3
In a general business cycle environment, Eusepi and Preston (2011) establish that learning can improve the
model’s internal propagation. Rather than an exogenous news process that affects the economy, shifts in expectations
through the learning process drive the business cycle with stationary fluctuations around the rational expectations
equilibrium. Agents’ shifting beliefs over time due to learning about the economy’s structure can add additional
frictions to the model; thus it is reasonable to suspect that the interplay between news and learning can yield realistic
business cycle dynamics.
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endogenous variables will necessarily differ from rational expectations forecasts. Hence, the crucial
question is whether the learning process leads agents toward, or away from the REE. If the adaptive
learning process drives agents’ estimated forecasting model to the optimal forecasting model, that
REE is said to be stable under adaptive learning, or “Expectationally Stable” (E-stable).4 This
paper investigates whether relaxing rational expectations in the form of adaptive learning preserves
the interesting feature of the Jaimovich and Rebelo (2009) model that can generate expansions in
response to good news.5 Moreover, if the equilibrium is stable under learning, then the case for
relying on REE as a modeling assumption and the predictions drawn upon them is strengthened.
The main finding of this paper is that the REE corresponding to the baseline calibration for
producing broad-based comovement in the JR model is not stable under adaptive learning. While
the JR model has been found to match comovements in the data well, that the corresponding REE
may not be learnable by private agents is quite surprising. This result is not obvious since the
steady-state of the JR model is everywhere determinate, and the REE associated with determinate
models are typically stable under learning.6 While there does exist parameter regions where the
REE is E-stable, these may not necessarily produce aggregate comovement between consumption,
labor, and output– a key empirical regularity in the data.7 More generally, these results suggest
that stability under learning is not generic and therefore cannot be taken for granted, even if
the model is everywhere determinate. Moreover, instability casts doubt on relying on the REE
as a modeling assumption and hence the predictions drawn from them. Researchers interested
in calibrating business cycle models to match comovements in the data should therefore include
stability under learning as an additional constraint.
Going further, this paper also clarifies on the precise economic assumptions required to overturn stability in the JR model. The JR environment is a useful framework to study how E-stability
depends on particular modeling assumptions as it introduces a new non-separable preference structure designed to parameterize the wealth effect on the labor supply. For a parameterization that
embodies standard neoclassical growth models frequently used in the business cycle literature, the
equilibrium is E-stable, consistent with a well known finding by Evans and Honkapohja (2001).
However, when the preference parameter is set to values that reduce the wealth effect on the labor
4

A formal definition of expectational stability is made precise in Section 3.
The stability of rational expectations under learning in standard real business cycle (RBC) models has been studied by Packalen (1999), Evans and Honkahohja (2001), Williams (2003), Bullard and Duffy (2004), Carceles-Poveda
and Giannitsarou (2007), and Eusepi and Preston (2008). Huang, Liu, and Zha (2009) examine the implications of
misspecified learning rules in a standard RBC model.
6
For example, Bullard and Mitra (2002) and Woodford (2003) discuss cases where the conditions for determinacy
and E-stability are equivalent. However, it is known from Evans and Honkapohja (2001), Bullard and Mitra (2002),
and Bullard and Eusepi (2014) that there can be E-instability even in determinate models.
7
In what follows, the terms E-stability and learnability are used interchangeably. See Giannitsarou (2005), Preston
(2005), and Adam, Evans, and Honkapohja (2006) for instances where the terms can differ.
5
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supply, then equilibrium can fail to be learnable. This preference parameter captures the speed at
which the wealth effect kicks in and measures the degree of inertia arising from agents’ preferences.
The results here reveal that equilibrium is unstable only when this degree of inertia is high enough.
This also suggests a close connection between E-stability and non-separable preference structures,
consistent with Kurozumi (2006) and McGough, Meng, and Xue (2013).8
Another finding of this paper is that stability of equilibrium depends on very specific assumptions regarding the timing of expectations and economic outcomes.9 Of course, under rational
expectations, beliefs and outcomes are determined simultaneously, making coordination on a rational expectations equilibrium possible. In the baseline model of adaptive learning, a standard
convention is that agents do not observe contemporaneous endogenous variables when forming their
forecasts, hence breaking the simultaneity between beliefs and outcomes. This timing convention
produces the results described above where the (unique) REE is unstable for a range of empirically
relevant parameter values. However under an alternative assumption where econometric forecasts
and outcomes are simultaneously determined, then the REE is learnable for all parameter values.
Crucially however, this particular assumption implies a simultaneity between expectations and outcomes that those expectations partly determine. As debates about these timing assumptions are
not settled in the literature, this paper reports results for both cases and moreover, clarifies on how
these timing assumptions interact with the JR preference structure to generate (in)stability.
Consequently, E-stability in the JR model is governed by the interaction of the two key features
highlighted above: the inertia induced by agents’ preferences and the extent to which lagged information affects the forecasts of private sector agents. As shown in Section 3.2, the JR preference
structure not only changes the way lagged variables enter into agents’ forecasts, but also affects
whether or not agents have to condition on those lagged variables in their forecasting model. The
interaction between the inertia arising from preferences and the presence of lagged variables in
agents’ information sets is therefore key to explaining why there is instability in the JR model.
8

Kurozumi (2006) also finds that non-separable preferences have important implications on the stability of equilibrium under adaptive learning: in a monetary sticky-price model, even a small degree of non-separability of the utility
function leads equilibrium to be E-unstable. More recently, McGough, Meng, and Xue (2013) revisit the stability
puzzle of Evans and McGough (2005) and find that allowing for a separable utility function allows for learnable
sunspot equilibria.
9
That E-stability can be sensitive to information assumptions regarding the timing of expectations and outcomes
has been demonstrated in other environments. For example, McCallum (2007) and Ellison and Pearlman (2010)
show an equivalence between determinacy and E-stability when contemporaneous data is available. Adam, Evans,
and Honkapohja (2007) draw a similar conclusion in a monetary inflation model with multiple equilibria due to
sunspots. Going further, Bullard and Eusepi (2014) establish that determinacy need not imply E-stability even when
contemporaneous information is available, so long as optimizing decision rules are in accordance with an anticipated
utility framework. They find that informational delays break equivalence connections between determinacy and learnability. However Bullard and Eusepi (2014) only consider purely forward-looking models, which therefore precludes
models with lags in agents’ decision rules.

3

This highlights the important potential role of learning and beliefs in the economy and opens the
door for future research to explore the importance of these factors in a wider class of business cycle
environments.
This paper is organized as follows. Section 2 describes the basic environment, which is a
decentralized version of Jaimovich and Rebelo (2009). A brief discussion of the key mechanisms
of the model and the comovement problem is reviewed in Section 2.1, followed by a definition of
equilibrium and discussion of the plausibility of the rational expectations equilibrium. Section 3
introduces adaptive learning and derives stability conditions for a simplified version of the model and
considers two special cases. Section 3.2 presents the main results and intuition for the simple model
assuming that expectations are not conditioned on current endogenous variables, while Section 3.3
considers an alternative timing convention. Numerical results for the general model are summarized
in Section 4. Finally, Section 5 concludes.

2

Environment

The basic environment is the one-sector model in Jaimovich and Rebelo (2009) that augments the
standard neoclassical growth model with a new class of preferences, variable utilization, and gradual capital adjustment costs. These additions to the standard growth model can produce aggregate
comovement in response to both contemporaneous shocks and news shocks about future productivity. In this setting, news shocks consist of information that can predict future fundamentals but
has no effect on current fundamentals. I first describe the decentralized economy under rational
expectations and then proceed by relaxing the rational expectations assumption by introducing
adaptive learning.

Households
The economy is populated by a large number of identical, infinitely-lived agents with preferences
described by the following lifetime utility function:
b0
U =E

(∞
X
t=0

β

t (Ct

− ψNtθ Xt )1−σ − 1
1−σ

)
,

(1)

b denotes (possibly) non-rational expectations. Ct is consumption, Nt is hours worked,
where E
0 < β < 1 is the discount factor, θ > 1 and ψ > 0 parameterizes the elasticity of the labor supply,
σ > 0 represents the curvature of agents’ utility function, and Xt is a geometric discounted average
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of past consumption levels given by
1−γ
Xt = Ctγ Xt−1
.

(2)

The JR model introduces a new class of preferences that parameterizes the short-run wealth effect
on the labor supply. These preferences nest two classes of utility functions used in the business
cycle literature: King, Plosser, and Rebelo (1988) preferences when γ = 1 (designed to be consistent
with balanced growth) and Greenwood, Hercowitz, and Huffman (1988) preferences when γ = 0
(designed to shut down the wealth effect on labor).10 The variable Xt makes agents’ preferences
non-separable in consumption and labor hours. Agents internalize the dynamics for Xt in their
maximization problem.
Households own physical capital which they rent to firms. The capital stock, Kt , evolves
according to the law of motion



It
Kt+1 = It 1 − φ
+ [1 − δ(ut )]Kt ,
It−1

(3)

where It is gross investment and ut measures capital utilization which the owners of physical capital
can vary each period.11 The effective amount of capital supplied to firms is thus ut Kt . Capital
depreciation is represented by the function δ(ut ), which is increasing and convex in the rate of
utilization: δ 0 (ut ) > 0 and δ 00 (ut ) ≥ 0. Changing investment from its level in the previous period
incurs an adjustment cost φ(·). There are no adjustment costs in steady state, so that φ(1) = 0
and φ0 (1) = 0.
Households divide their income between spending on consumption and investment goods. Their
budget constraint is
Ct +

It
= wt Nt + rt ut Kt + Πt ,
Zt

(4)

where wt is the wage rate received by households, rt is the rental rate on an effective unit of
capital, and Πt denotes profits from ownership of firms. The left side of (4) denotes the uses of
income, given by consumption, Ct , and investment, It . The right side denotes households’ sources
of income, which consists of wage income, capital income, and lump-sum profits from ownerships
of firms. The variable Zt represents the productivity of investment goods, or the current state of
technology for producing capital goods. As in Greenwood, Hercowitz, and Krusell (2000), increases
10
So long as 0 < γ ≤ 1, these preferences are consistent with the stationarity of hours and with balanced growth in
the presence investment-specific or labor-augmenting technological progress. Using a Bayesian estimation approach,
Schmitt-Grohe and Uribe (2012) estimate γ = 0, that is a near-zero wealth elasticity of labor supply.
11
Variable capital utilization of this form is modeled in Kydland and Prescott (1988), Hercowitz and Huffman
(1988), and King and Rebelo (1999), where the costs of variable utilization are embedded in the law of motion for
the capital stock.
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in Zt corresponds to investment-specific technological progress. Intuitively,

It
Zt

can be interpreted

as the cost of producing an additional unit of capital in terms of consumption goods.

Firms
Firms produce the economy’s only good using effective capital, ut Kt , and labor, Nt , as inputs
according to the production function
Yt = At (ut Kt )1−α Ntα ,
where At is aggregate total factor productivity. Firms choose capital and labor inputs to maximize
profits given by
Πt = Yt − wt Nt − rt ut Kt ,
taking factor prices wt and rt as given.
The first-order conditions to the firm’s optimization problem equate factor prices with their
respective real marginal products:
wt = αAt (ut Kt )1−α Ntα−1

(5)

rt = (1 − α)At (ut Kt )−α Ntα .

(6)

Shocks
Jaimovich and Rebelo (2009) consider both contemporaneous shocks and news shocks about future
aggregate TFP, At , and investment-specific productivity, Zt . In this setting, news shocks consist of
information that can predict future fundamentals but has no effect on current fundamentals. The
logarithm of At and the logarithm of Zt each follow
a
log(At ) = ρa log(At−1 ) + at + νt−4
,

(7)

z
log(Zt ) = ρz log(Zt−1 ) + zt + νt−4
,

(8)

where ρa ∈ (0, 1), ρz ∈ (0, 1), it is a standard contemporaneous technology shock to At or Zt ,
and νti is a news shock that provides information about an expected shift in At or Zt four periods
i
ahead. In particular, νt−4
are i.i.d. random innovations in At or Zt respectively that is announced

in period t but materializes in a change in A or Z only in period t + 4. The contemporaneous shock
and the news shock are uncorrelated, i.i.d., and each normally distributed with zero mean and a
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standard deviation σi and σνi , where i ∈ {a, z}.
This specification for aggregate TFP, At , and investment-specific productivity, Zt , is formalized
in a similar manner as Schmitt-Grohe and Uribe (2012) who model “news” as anticipated movements in fundamentals. The processes (7) and (8) each feature an anticipated component and an
unanticipated one. As in Schmitt-Grohe and Uribe (2012), the anticipated component is driven by
innovations announced four periods ahead. As a result, the shock to the economy in any period
a
z )
can be expressed as the sum of a signal received in period t − 4 (the “news shocks” νt−4
and νt−4

and one in period t (the contemporaneous shocks at and zt ).

2.1

Key Mechanisms of the Model

In general, the main obstacle in business cycle models driven by news is to produce positive comovement among the major macroeconomic variables, such as output, consumption, investment, and
labor hours. Broad-based comovement is a key empirical regularity in the data, so it is important
that any business cycle model have this feature. Crucially however, producing positive comovement is a difficulty for news-driven models since with only news shocks and no other shocks to
aggregate technology, good news about the future tends to produce recessions rather than booms.
This difficulty is due to the wealth effect on the labor supply where agents work less in response to
good news. Hence when agents learn about future productivity, the key modeling challenge is to
get output to rise in reaction to good news.12
To get positive comovement with only news shocks, there has to be additional mechanisms
to overwhelm this wealth effect. The key mechanisms in the JR model that produce empirically
plausible business cycles are (i) preferences that minimize the wealth effect on labor, (ii) variable
capital utilization, and (iii) capital adjustment costs.13
First, the non-standard preferences prevent agents from reducing labor hours in response to good
news since their future expected income has increased. Second, capital adjustment costs induces
agents to increase their labor supply before the actual productivity increase. Agents build up a
large capital stock in anticipation of the productivity increase, and to minimize adjustment costs,
they start as early as possible (with no capital adjustment costs, agents would reduce investment
after learning about good news, and would wait until the increased productivity actually arrives to
increase their investment). Finally, variable capital utilization is introduced to get labor to rise in
response to good news.
12

Standard real business cycle models predict that when agents learn that future productivity will be high, they
work less and consume more, leading to decreased investment and hence output. This is due to a wealth effect on
labor, since good news makes agents expect higher lifetime income. That a standard real business cycle model cannot
produce news-driven business cycles was first pointed out by Barro and King (1984).
13
For additional detail and discussion, refer to Jaimovich and Rebelo (2009).
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2.2

Competitive Equilibrium

The household’s problem consists of choosing {Ct , Nt , ut , It }∞
t=0 to maximize (1) subject to (2),
(3), and (4), taking as given {At , Zt , rt , wt , Yt }∞
t=0 , and the initial conditions K0 , X−1 , and I−1 .
Let µt , ζt , and λt denote the Lagrange multipliers associated with (2), (3), and (4), respectively.
The first-order conditions for Ct , Xt , Nt , ut , Kt+1 , and It are
Xt
= λt ,
Ct


Xt+1
θ
−σ
θ
b
(Ct − ψNt Xt ) ψNt + µt = (1 − γ)β Et µt+1
,
Xt
(Ct − ψNtθ Xt )−σ + µt γ

(Ct − ψNtθ Xt )−σ θψNtθ−1 Xt = λt wt ,
λt rt = ζt δ 0 (ut ),
bt [λt+1 ut+1 rt+1 + ζt+1 [1 − δ(ut+1 )]],
ζt = β E
"








2 #
λt
It
It
It
I
I
t+1
t+1
0
0
b t ζt+1 φ
= ζt 1 − φ
−φ
+ βE
.
zt
It−1
It−1 It−1
It
It
Intuitively, when agents expect productivity At or Zt to increase in the future, investment will also
increase in the future. With investment adjustment costs, investment will rise immediately, leading
to a decrease in

ζt
λt ,

the value of installed capital per consumption unit, or Tobin’s marginal q. This

is because agents build up capital gradually over time due to adjustment costs (without adjustment
costs,

ζt
λt

= 1 and neither Nt nor ut would respond to good news about future productivity). As

ζt
λt

falls, capital is less valuable, so that agents must use their existing capital more intensively. This
increased utilization raises the marginal product of labor. So long as the wealth effect on the labor
supply is sufficiently low, Nt will also rise. Finally, the increase in capital utilization and labor then
implies a rise in output. Hence all three ingredients working together are necessary to generate
comovement between consumption, output, investment, and labor in response to good news about
the future.
The optimality equations above are identical to the Social Planner’s problem described in
Jaimovich and Rebelo (2009). To facilitate interpretation when adaptive learning is introduced, the
Lagrange multipliers, µt , λt , and ζt can be solved out, which further reduces the optimality equations
into three equations, given factor prices (5) and (6) and stochastic processes (7) and (8). This is
done in order to specify the model in terms of variables that are naturally observable and forecasted
bt ≡ C 0 θψN θ−1 Xt , results
by agents, as will soon be discussed. Defining C 0 ≡ (Ct −ψN θ Xt )−σ and C
t

t
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t

t

in



bt rt
1 − δ(ut+1 )
C
rt+1
b
b
ut+1 +
,
(9)
= β Et Ct+1
wt δ 0 (ut )
wt+1
δ 0 (ut+1 )
"
#
!#
"
θ−1
0
θψN
X
C
Ct0 θψNtθ−1 Xt
t+1
t+1
t+1
bt
− Ct0 ψNtθ ,
(10)
− Ct = (1 − γ)β E
− Ct+1
γXt
wt
γXt
wt+1
"







 

2 #
bt
C
I
r
r
I
I
I
I
t
t+1
t
t
t
t+1
t+1
bt
bt C
bt+1
=C
1−φ
− φ0
+β E
φ
.
wt Z t
wt δ 0 (ut )
It−1
It−1 It−1
wt+1 δ 0 (ut+1 )
It
It
(11)
Definition 1. An equilibrium of the JR model is a collection of sequences {Ct , Xt , Nt , ut , Kt+1 ,
It }∞
t=0 that satisfies (2), (3), (4), factor prices (5) and (6), stochastic process (7) and (8), agents’
transversality condition, and optimality equations (9), (10), and (11).
Since the model economy features perfect competition without any externalities, the equilibrium
allocations are Pareto efficient. To arrive at a solution, the model is log-linearized around the steadystate. There is a unique rational expectations solution to the linearized system, and the model’s
determinacy properties are discussed in more detail in the next section when the model is presented
in matrix form. Following Blanchard and Kahn (1980) and described in King, Plosser, and Rebelo
(2002), the rational expectations solution will take the form of a stationary vector autoregression
and can be used for model simulations and computing business cycle moments.
For benchmark parameters presented in Table 1, Jaimovich and Rebelo (2009) show that the
one-sector model can produce positive comovement in response to news about future values of At
or Zt . Further, when calibrated with these parameters, the model is able to generate empirically
plausible business cycle statistics.
Table 1: JR Parameter Values
Parameter
Discount factor
β = 0.985
Labor share
α = 0.64
Curvature in utility
σ=1
Elasticity in labor supply
θ = 1.4
Utility parameter
γ = 0.001
Adjustment costs
φ00 (1) = 1.3
δ 00 (u)u
Elasticity of utilization
δ 0 (u) = 0.15
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2.3

Plausibility of Rational Expectations Equilibrium

To arrive at a solution to the JR model, it is implicitly assumed that expectations are formed
according to the rational expectations hypothesis. Under this assumption, expectations are pinned
down by the structure of the economy since expectational errors can be solved out as a function
of the structural disturbances and hence eliminated from the system. Private sector agents are
assumed to have knowledge about the parameters of the economy, the correct model, and the
distributions of the shocks. Hence by imposing rational expectations, agents are required to know
the true data generating process for the entire economy. While this remains the standard approach
in macroeconomics, I follow a growing literature and take an alternative approach in the rest of
this paper by relaxing the rational expectations assumption in favor of adaptive learning.

2.4

Adaptive Learning

The literature on adaptive learning studies the plausibility of rational expectations equilibria by
insisting on logical consistency between econometricians and private-sector agents. Rather than
rational expectations, this literature assumes that agents behave as econometricians who formulate
forecasting models and update the parameters of their model in real-time.14 Since econometricians
and professional forecasters develop economic models that they estimate based on available data
and update as new data becomes available, it is reasonable to expect that private-sector agents
behave similarly. Therefore for the rest of the paper, agents are assumed to be endowed with the
same information set as the econometrician or professional forecaster.15
To model private agent learning, expectations are formed from a near-rational expectations formation mechanism. Agents are endowed with a linear forecasting model, which is their perceived
model of the economy. Although this perceived law of motion (PLM) has a similar structural form
as the rational expectations solution of the system, agents do not know the model’s coefficients.
Instead, they learn these coefficients over time by observing historical data and employing a recursive updating learning algorithm. Agents estimate the parameters of their forecasting model and
then use the estimated model to form expectations. This then leads to the actual law of motion
(ALM) of the economy.
Since the ALM is obtained by inserting agents’ expectations into the model, it is implicitly
assumed that under adaptive learning, the Euler equation is the basis for economic decisions.16
14

Sargent (1993) describes adaptive learning as “putting the agents and the econometrician on the same footing.”
Milani (2007) and Mavroeidis, Chevillon, and Massmann (2009) provide empirical evidence in favor of adaptive
learning over rational expectations.
16
This paper follows the Euler-equation learning approach, where the model under adaptive learning is driven by
the same equations as under rational expectations. Agents in principle could also be learning the model’s microfoundations. For instance, Preston (2008) and Eusepi and Preston (2010) show that infinite-horizon learning and
15
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The parameter values from the resulting ALM will therefore be the actual parameter values of the
economy and will depend on agents’ perceptions.
While attempting to learn about the model economy, agents’ forecasts of future endogenous
variables will necessarily differ from rational expectations forecasts. Thus, the crucial question is
whether the adaptive learning process leads agents toward or away from the rational expectations
equilibrium (REE). If the learning process leads agents to the REE, that equilibrium is said to be
stable under adaptive learning, or “E-stable.” Otherwise, the equilibrium is said to be unstable or
unlearnable. In this way, stability under learning can provide an important robustness check on
the plausibility of a rational expectations equilibrium.
Finally, a remark on a subtle issue that arises under adaptive learning. The mapping from
beliefs (PLM) to reality (ALM) can be affected by agents’ information sets when forecasts are
made. In particular, an unresolved issue in the learning literature is whether private agents can
condition on current values of endogenous variables when making forecasts. Of course under rational
expectations, these two assumptions are equivalent. Under adaptive learning however, timing
assumptions for expectations matter. These assumptions are particularly important for determining
the stability of equilibrium, as shown previously in other contexts by Evans and McGough (2005),
Adam, Evans, and Honkapohja (2006), McCallum (2007), and Bullard and Eusepi (2014).
Accordingly, the analysis in the first part of Section 3 begins with a conventional assumption
(“t − 1 learning”) that when forming expectations, private agents have available data on all past
variables and on current exogenous variables, but not on current endogenous variables that those
expectations in part determine. All variables in the model dated at time t−1 are therefore included
in agents’ information sets. While this particular timing convention is a plausible description of
boundedly rational learning, this is not the same timing assumption made when deriving the model’s
optimality equations, a concern raised in Bullard and Eusepi (2014). While beyond the scope of the
present paper, further investigation of this issue is an open question for future research. Section 3.3
then considers an alternative assumption (“t learning”) where private agents have information on
all variables dated at time t. This assumption however leads to a simultaneity between expectations
and outcomes, which may not be entirely realistic especially in a non-rational expectations context.
For completeness however, this paper reports results under both assumptions and moreover, clarifies
on the extent to which these assumptions interact with other features of the model in determining
stability under learning.
subjective expectations can also be modeled to deliver increased business cycle volatility and persistence relative
to rational expectations. See also Bullard and Eusepi (2014) for a discussion of determinacy and stability under
finite-horizon and infinite-horizon learning.
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3

Simple Model With JR Preferences

To build intuition for the main result for the paper, consider two special cases of the JR model with
no capital utilization, no investment adjustment costs, no shocks, and JR preferences with γ = 0
and γ = 1. The model’s preference structure with γ = 0 corresponds to Greenwood, Hercowitz,
and Huffman (1988) (GHH) preferences which neutralizes the wealth effect on the labor supply,
while the model with γ = 1 reduces to King, Plosser, and Rebelo (1988) preferences (KPR) that is
commonly used in the business cycle literature. The purpose of this exercise is to clarify the reason
for instability in the limiting cases γ = 0 and γ = 1 by examining a simplified environment with
the other key features of the JR model shut down. Section 4 then considers the general model and
confirms that (in)stability obtains depending on the value of γ ∈ [0, 1].
The simplified model for γ = 0 and γ = 1 reduces to a system of expectational difference equations in terms of consumption and the capital stock, summarized by the following two equations,
whether or not expectations are formed rationally:
b t ct+1 + ψ1 E
b t kt+1 ,
ct + ηkt = ψ2 E

(12)

kt = δ2 ct−1 + δ1 kt−1 .

(13)

This system is the general representation of the model economy under JR preferences, no capital
utilization, and no investment adjustment costs. For simplicity and to facilitate intuition, there
are no fundamental shocks or news shocks. All variables are in logarithms where the particular
coefficients (η, ψ1 , ψ2 , δ1 , δ2 ) will depend on whether γ = 0 or γ = 1. Under KPR preferences
(γ = 1), the model reduces to a standard neoclassical growth model with η = 0. Expressions for the
coefficients in (12) and (13) as a function of the model’s deep structural parameters are provided in
the Appendix. Stacking the model and eliminating expectations by defining a martingale difference
b t−1 ct yields:
sequence υt = ct − E
"

1

η

δ2 δ1

#"

ct
kt

#

"
=

ψ2 ψ1
0

1

# "

ct+1
kt+1

#

"
−

υt+1
0

#!
.

(14)

In matrix form, the model becomes Ht xt = F (xt+1 − φt+1 ), where xt ≡ [ct , kt ]’ and φt ≡ [υt , 0].
For some forecast error υt , an REE for xt will satisfy the dynamic system
xt = M xt−1 + φt ,

(15)

where M ≡ F −1 H. The model’s determinacy properties are determined by the matrix M . Given
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an initial condition k0 , the dynamic system (15) has a unique non-explosive solution if M has one
eigenvalue inside and one eigenvalue outside the unit circle. Since this condition is always satisfied
for the JR model, the REE is unique and the model is determinate. When the model is determinate,
there will be a unique forecast error υt that satisfies (15). If the model is indeterminate, there will
be multiple forecast errors that make (15) non-explosive.
Since the capital stock kt is predetermined, assume that agents know the capital accumulation
equation is kt = δ1 kt−1 + δ2 ct−1 .17 The rational expectations solution for consumption takes the
form
ct = act−1 + bkt−1 .
Under adaptive learning, agents know the functional form of the model economy but are initially
uninformed as to the correct, rational expectations coefficient values. Agents’ perceived law of
motion (PLM) for consumption takes the same form as the REE and can be represented as
ct = e
act−1 + ebkt−1 ,

(16)

where e
a and eb represent agents’ perceived parameter values and may be different from the rational
expectations coefficients a and b at each point in time.18 Since the variables in the (12) and (13) are
expressed in deviations from steady-state variables, including a constant term in the PLM is not
necessary. With no loss in generality and for simplicity, I choose to exclude it in this section but
consider the slightly more general case with the constant term when analyzing the general model
in Section 4.
Here it is assumed that when forming expectations under adaptive learning, private agents have
access to variables in the model dated at time t − 1. To better motivate this timing convention,
consider the following interpretation. Suppose at the beginning of the period before the current
state is realized, agents re-estimate their model and form expectations about consumption and
labor. When the state is realized, agents make their consumption, labor, and investment decisions
observing time-t information. But because it takes time for agents to update their forecasting
model, they make their current period decisions before modifying expectations.
Given their PLM, agents form expectations of future consumption and capital according to
b t ct+1 = e
bt ct + ebE
b t kt ,
E
aE
17

(17)

While these coefficients can be learned as well, doing so will not affect stability results. This simplifying assumption is also made by Packalen (1999), Evans and McGough (2005), and Duffy and Xiao (2007).
18
Equivalently, the REE can be written as ct = gkt , so that the PLM takes the form ct = gekt . Substituting in for
kt in ct = gekt leads to the PLM expressed in the text, ct = e
act−1 + e
bkt−1 , where e
a ≡ geδ2 and e
b ≡ geδ1 .
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b t ct .
b t kt + δ2 E
b t kt+1 = δ1 E
E

(18)

b t ct+1 and E
bt kt+1 into (12) and (13) yields the actual law of motion (ALM)
Inserting expectations E
for consumption:19
ct = Ta ct−1 + Tb kt−1 .
The coefficients for the ALM, Ta and Tb , depend on agent’s beliefs and the parameters in (12) and
(13) in the following way:
Ta = ψ1 (δ1 δ2 + δ2 e
a) + ψ2 (e
a2 + ebδ2 ) − ηδ2 ,
Tb = ψ1 (δ12 + δ2eb) + ψ2 (e
aeb + ebδ1 ) − ηδ1 .
Since the PLM and the ALM follow the same functional form, the mapping, T : R2 → R2 , from
agents’ beliefs to the true data generating process for the economy is
T (e
a, eb) = (Ta , Tb )0 .
This mapping plays a critical role in the stability of REE under adaptive learning and has a natural
interpretation. If agents perceived the economy follows the law of motion given by their PLM, with
parameters fixed over time at (possibly) non-rational expectation values (e
a, eb), then their forecast
rule would be given by (17) and (18). Then the economy’s actual law of motion— determined, in
part, by these forecasts— would have the same form, but with parameters T (e
a, eb).
A rational expectations equilibrium is a fixed point of this T-map, which is intuitive since rational expectations identifies a situation where perceptions match reality. Accordingly, the coefficients
under rational expectations, a and b, are
a = ψ2−1 (1 − δ2 ψ1 )

(19)

b = ψ2−1 (η − δ1 ψ2 ).

(20)

19

An alternative would combine the Euler equation with the expected lifetime budget constraint, as in Eusepi and
Preston (2010). The actual law of motion would then depend on infinite-step-ahead expectations. Although “infinite
horizon” learning is fully optimal in an anticipated utility framework, this paper adopts the so called “Euler equation”
learning to keep the model’s equations comparable with Jaimovich and Rebelo (2009). However, in many models the
E-stability properties are identical under Euler equation and infinite-horizon learning.
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3.1

E-Stability

Under adaptive learning, (e
a, eb) are updated in real time in response to new data. If agents’ learning process leads to the REE, that equilibrium is said to be stable under adaptive learning, or
expectationally stable (E-stable). Otherwise, the REE is said to be expectationally unstable.
Whether or not the REE in the JR model is locally stable under learning can be verified by
examining the T-map T (e
a, eb) = (Ta , Tb )0 , as described in Evans and Honkapohja (2001).
Definition 2. Let θ ≡ [e
a, eb]0 denote the vector of coefficients in the PLM and T (θ) ≡ [Ta , Tb ]0 denote
the vector of coefficients in the ALM. Let θ∗ be a fixed point of the T-map. To be “E-Stable,” θ∗
must be locally asymptotically stable under the following ordinary differential equation:
dθ
= T (θ) − θ,
dτ

(21)

where τ denotes notational time.
More formally, the E-stability Principle states that Lyapunov stable rest points of (21) are
locally stable at θ∗ under least squares learning and other closely related learning algorithms.20
Intuitively, (21) states that the estimated coefficients θ should be adjusted in the direction of
T (θ) − θ, which is a forecast error. If the rest point θ∗ is Lyapunov stable, then beliefs, θ, will
eventually converge to reality, θ∗ , by adjusting in the direction of the forecast error, T (θ) − θ.
The PLM will converge to the ALM with probability one if T (θ) − θ is a stable system and with
probability zero if it is unstable. Hence the crucial question is whether a small perturbation in the
perceived coefficients will converge to their REE values.
Let DT denote the Jacobian of the T-map evaluated at the REE. Conveniently, conditions for
local asymptotic stability can be computed by examining the eigenvalues of the Jacobian matrix
DT . If all eigenvalues of DT have real parts less than one, then the REE is E-stable. In this case,
adjusting parameters in the direction of the forecast error will lead the parameters toward the REE.
Following the method from Evans and Honkapohja (2001) leads to the associated derivatives:
"
DTab =

ψ1 δ2 + 2ψ2 a

ψ2 δ2

ψ2 b

ψ1 δ2 + ψ2 (a + δ1 )

#
.

For the REE to be a locally stable rest point of the ordinary differential equation (21), the real
20

As discussed in Evans and Honkapohja (2001), there is a deep connection between stability of REE under
this differential equation and the stability of the rational expectations solution under real-time adaptive learning
algorithms such as recursive least squares learning.
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eigenvalues of the DTab must be less than one. Necessary conditions for E-stability reduce to21

3.2

ψ2 (ηδ2 − δ1 ) < 0,

(22)

ψ2 < 0.

(23)

Main Results

In the simple case where γ = 0 (GHH preferences) or γ = 1 (KPR preferences), the model is
summarized by (12) and (13). When the JR model is parameterized with KPR preferences, the
model simplifies with η = 0 in (14). Consequently, the necessary condition (22) reduces to δ1 ψ2 >
0. Numerically, I find that the necessary conditions δ1 ψ2 > 0 and ψ2 < 0 are always satisfied
given assumptions on the model’s structural parameters. Consequently, the REE of the JR model
parameterized with γ = 1 is E-stable, which verifies a well known result from Evans and Honkapohja
(2001).
When instead the JR model is parameterized with GHH preferences, η is generally not equal
to zero (see the Appendix for the expression for η when γ = 0). Intuitively, η 6= 0 implies a
lagged dependence in agents’ decision rule for consumption, so that current consumption depends
on lagged consumption as well as expectations of future consumption. Moreover, ψ2 = 1, which
necessarily violates the E-stability condition ψ2 < 0.
3.2.1

The Role of γ

What is the economic reason for instability in the JR model when γ = 0 under t − 1 learning?
Recall that the variable Xt is a geometric discounted average of past consumption levels given
1−γ
. The parameter γ can be interpreted as a measure of the inertia coming from
by Xt = Ctγ Xt−1

preferences, or the speed at which the wealth effect kicks in. When γ = 0, Xt = Xt−1 can be
treated as a constant, in which case the wealth effect on the labor supply is completely shut down.
For the simple model given by (12) and (13), the key parameter affecting E-stability is η, the
coefficient on kt . For KPR preferences, η = 0. For GHH preferences however, η > 0 and captures
the tight link between capital and hours worked arising from the absence of the wealth effect on
the labor supply. This generates an additional source of inertia in the model and is important for
E-stability under t − 1 learning. To see this point, consider the minimum state variable (MSV)
solution of the simple model, which takes the form
kt+1 = φ1 kt
21

The first condition is ψ2 δ2 b − δ1 (1 − δ2 ψ2 ) < 0. Using the fact that b = ψ2−1 (η − δ1 ψ2 ) results in (22).

16

(24)

ct = φ2 kt .

(25)

b t ct+1 =
Recall that in this context, kt+1 is known at time t. Taking expectations then leads to E
φ2 kt+1 . Substituting expectations in (12) yields
ct + ηkt = (ψ2 φ2 + ψ1 )kt+1
kt+1 = δ2 ct + δ1 kt .
Hence, the model can be reduced to a one dimensional system in capital, namely
ct = gekt

(26)

where ge = δ1 (ψ2 φ2 + ψ1 ) − η)[1 − δ2 (ψ2 φ2 + ψ1 )]−1 . Compared with agents’ forecasting model, an
additional state variable appears in the PLM (16) relative to the MSV specification (26). While
the learning process is a two-dimensional system in the parameters e
a and eb, the MSV is a onedimensional system in the parameter ge. Consequently, agents’ PLM under t − 1 learning is overparameterized relative to the minimum state variable solution.22 With t − 1 learning, agents must
therefore project their forecasting model two periods ahead, rather than just one period ahead.
To summarize, the effect of lagged variables on the economy is altered in two ways in the
simple JR model that in turn affects whether or not the equilibrium is E-stable. First, stability
of equilibrium depends on a deep structural parameter, γ, that governs agents’ preferences. As
discussed above, γ controls the degree of inertia coming from preferences, or the speed at which the
wealth effect kicks in. When γ = 1, the model corresponds to the specification used in standard
RBC models in which case both the substitution effect and wealth effect are present. In that case,
η = 0 and ψ2 < 0, which satisfies the necessary conditions for E-stability, (22) and (23). As a
result, equilibrium is E-stable, consistent with findings from Evans and Honkapohja (2001). With
γ = 0 however, the wealth effect on the labor supply is completely shut down. In that case, η > 0
which from (22), significantly alters the conditions for E-stability.
Second, the other key feature affecting E-stability in the JR model is the extent to which
lagged information affects the forecasts of private sector agents. From (16), private agents under
t − 1 learning must project their PLM two periods ahead given the most recent observations of the
endogenous state variables. Comparing (16) and (26), agent’s two-dimensional forecasting model
is overparameterized relative to the one-dimensional MSV specification. If instead expectations are
dated at time t, then the distinction between agents’ PLM and the MSV does not matter, as I
consider in the next subsection. With t − 1 learning however, the fact that agents must make two22

I thank an anonymous referee for pointing this out.
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period ahead forecasts can lead to instability if there is enough inertia coming from the preferences.
This is explored in more detail in Section 4 which investigates E-stability in the more general JR
model for a range of γ ∈ [0, 1].

3.3

Alternative Information Assumption: Time t-Dating of Expectations

The results presented so far suggest that determinacy need not imply learnability when expectations
are not conditioned on the current value of endogenous variables. Recall that the previous analysis
assumed that expectations include in the information set all variables in the model dated at time
t−1. For the simple JR model introduced in this section with no capital utilitization, no adjustment
costs, and a preference structure with either γ = 0 or γ = 1, this assumption means that agents do
not use current consumption to forecast future consumption.
An alternative assumption is that expectations are formed at time t, meaning that expectations
are assumed to include in the information set all variables in the model dated at time t. This
implies that the equilibrium values for endogenous variables and expectations are simultaneously
determined. Since this specification is closer to the assumptions underlying rational expectations,
a natural question is whether stronger informational assumptions through t-dating of expectations
can facilitate E-stability. Indeed as shown in Adam, Evans, and Honkapohja (2006), McCallum
(2007), and Bullard and Eusepi (2014), assumptions regarding the timing of expectations matter
for stability results. In particular, McCallum (2007) finds that determinacy implies E-stability for
a large class of forward-looking models when beliefs and outcomes are simultaneously determined.
Going further, Bullard and Eusepi (2014) find that informational delays break equivalence between
determinacy and stability of rational expectations equilibria. Models without information delays
however resumes equivalence.
Since these findings suggest that E-stability results may be sensitive to the precise assumptions
made concerning agents’ information sets, this subsection investigates this concern and considers
an alternative timing assumption where beliefs and outcomes are determined simultaneously, and
hence is a direct application of McCallum (2007).
The model is still given by the expectational difference equations for ct and kt+1 in (14). Even
though agents’ information sets differ under time t learning, their PLM for consumption is specified
in the same way as before:
ct = e
act−1 + ebkt−1 .
Agents form forecasts given their PLM, where now all variables of the model at time t are included
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Figure 1: T-Map Derivatives for t − 1-Dating and t-Dating of Expectations

b t ct = ct , agents’ forecasts are
in the information set. Since t-dating implies E
b t ct+1 = e
E
act + ebkt
b t kt+1 = δ1 kt + δ2 ct
E
The rational expectations equilibrium is identical under both the t − 1 and t dating assumption;
see equations (19) and (20). While agents will still have the same PLM under the two assumptions,
their conditional expectations will differ, which implies that the T-maps and E-stability conditions
will also differ. Indeed plugging expectations back into the model results in the ALM
ct = Ta ct−1 + Tb kt−1 .
The coefficients Ta and Tb under t-dating of expectations are given by
Ta = λ−1
1 λ2 δ2 ,
Tb = λ−1
1 λ2 δ 1 ,
where λ1 ≡ 1 − ψ2 e
a − ψ1 δ2 and λ2 ≡ ψ2eb + ψ1 δ1 − η. The derivatives of the T-map are then
"
DTab =

λ−2
1 λ2 ψ2 δ2

λ−1
1 ψ2 δ2

−1
λ−2
1 λ2 ψ2 δ1 λ1 ψ2 δ1 .
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#

Denoting the vector of coefficients by θ = [e
a, eb]0 , E-stability is determined by the usual differential equation

dθ
dτ

= T (θ) − θ. As before, a fixed point of the T-map is E-stable if

is locally asymptotically stable at

θ∗ .

dθ
dτ

= T (θ) − θ

Under time-t learning, the REE of the JR model is locally

stable, which is a direct application of McCallum (2007). Figure 1 illustrates and plots the T-map
derivatives under time t information and time t − 1 information.
The analysis so far a simple version version of the JR model and examined two special cases.
The main finding was that under a t − 1 timing assumption for the formation of expectations, the
REE with γ = 0 is not stable under learning while the REE with γ = 1 is. Under t−dating however,
the equilibrium is always E-stable. To investigate whether these results obtain more generally, the
remainder of this paper reports results for the general model with γ ∈ [0, 1], capital utilization, and
investment adjustment costs.

4

General Model

To implement adaptive learning, the efficiency equations (9), (10), and (11) are log-linearized,
stacked, and written in matrix form. To facilitate comparison with standard stability theorems in
the learning literature, I consider only contemporaneous shocks to investment-specific productivity,
z
a
zt . Hence in this section I set νt−4
= 0, at = 1, at = 0, and νt−4
= 0. This assumption is with no

loss in generality as the stability results are unchanged if the news shocks are not zeroed out.
In matrix form, the JR model is characterized by the following expectational difference equation:
b t Vt+1 + RVt−1 + Qzt
Vt = P E

(27)

zt = ρz zt−1 + zt

(28)

where Vt = [ct , nt , ut , xt , kt+1 , it ]0 represents the vector of endogenous variables expressed in logarithms and zt is the logarithm of investment-specific productivity. The non-predetermined control
variables for the JR model are [ct , nt , ut ]0 and the pre-determined state variables are [xt−1 , kt , it−1 ]0 .
The only exogenous variable is zt . This formulation includes all endogenous variables in a single
vector, Vt , and the matrices P , R, and Q contain the model’s parameters.
The nature of the model’s determinacy is governed by the parameters in equation (27). A
model is said to be determinate if it has a unique REE, indeterminate if it has multiple REE, and
explosive otherwise. The matrix W has three eigenvalues outside and three eigenvalues inside the
unit circle, so the model is determinate.
Further, the equations (27) and (28) determine Vt whether or not expectations are formed
rationally. Under the standard rational expectations assumption, a REE is simply any non-explosive
20

bt = Et , the rational
solution to the expectational difference equations (27) and (28). When E
expectations representation of the JR model will take the form of a vector autoregression:
Vt = AVt−1 + Bzt .

(29)

Under adaptive learning, agents know the functional form of the model economy but are initially
uninformed as to the correct, rational expectations coefficient values. Instead, agents’ expectations
are formed using their perceived (PLM), which follows the same functional form as the rational
expectations equilibrium solution:
e t−1 + Bz
e t + C,
e
Vt = AV

(30)

e is a constant to allow agents to learn the steady-state values of Vt , but can be ignored
where C
if one chooses since variables in (27) are all expressed as deviations from steady-state values.23
e B,
e C
e represent agents’ perceived parameter values and may be different from the
The matrices A,
rational expectations matrices A and B at each point in time.
As in Section 3, in this section I assume that agents condition on information dated in t − 1
when making their forecasts. In lieu of rational expectations, agents form forecasts given their
PLM:
bt Vt = AV
e t−1 + Bz
e t+C
e
E

(31)

bt Vt+1 = C
e + A[
eC
e + AV
e t−1 + Bz
e t ] + Bρ
e z zt ,
E

(32)

b t zt+1 = ρz zt .
which uses the fact that E
Substituting these beliefs into the expectational difference equation (27) leads to the actual law
of motion (ALM):
Vt = TA Vt−1 + TB zt + TC .

(33)

e B,
e C)
e and on the parameters of the
The matrices TA , TB , TC depend on agents’ beliefs (A,
model (P , R, Q):
e2 + R
TA = P A
e A
e + ρz ) + Q
TB = P B(
TC

e + A)
e
= P C(I

23

If however the variables of the model were not expressed in terms of deviations from steady state values, a constant
term would be needed in the PLM since the intercept would depend on the steady state values. Alternatively, a
constant term in the PLM can be interpreted as a kind of model misspecification in which agents must learn is zero
in the rational expectations equilibrium.
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As a result, the mapping from agents’ beliefs to the true data generating process for the economy
takes the form:
e B,
e C)
e = (TA , TB , TC )0 .
T (A,
As usual, this “T-map” maps the PLM to the ALM, and plays an important role in E-stability.

4.1

E-Stability

As in Section 3, verifying E-stability amounts to checking if the differential equation
dθ
= T (θ) − θ,
dτ

(34)

evaluated at the REE values, θ∗ , is a Lyapunov-stable rest point. Since T (θ) − θ is essentially a
forecast error, (34) says that agents should move θ in the direction of T (θ) − θ. If θ∗ is E-stable
then moving in the direction of the forecast error allows θ to converge eventually to θ∗ .
Following the method from Evans and Honkapohja (2001) results in the following derivatives:24
0

DTA = A ⊗ P + I ⊗ P A
DTB = ρ0z ⊗ P + I ⊗ P A
DTC

0

= A ⊗ P + I ⊗ P.

0 , z 0 , 1)0 . The rational expectations solution
Definition 3. Suppose the time-t information set is (Vt−1
t

(29) is E-unstable if any eigenvalues of (i) DTA , (ii) DTB , and (iii) DTC have real parts greater
than one.

4.2

Numerical Results

As is standard in the business cycle literature, the multivariate nature of the model precludes
analytic results. This subsection summarizes the main numerical results for the general model. I
consider the learnability properties of the JR model by applying the E-stability result identified in
the previous sub-section under the assumption that expectations are not conditioned on current
endogenous variables. The main finding is the existence of an instability region in the parameter
space necessary for producing realistic business cycles.25
The Jacobian of vecTi is DTi = ∂vecTi /∂(veci)0 , where i = {A, B, C}. Then using the rules d[vec]i = [vec]di and
[vec]ABC = (C 0 ⊗ A)[vec]B results in DTA , DTB , and DTC in the text.
25
Agents’ conditional expectations and the associated T-map for the general JR model under time-t learning is
presented in the Appendix. With time-t dating of expectations, equilibrium for the general JR model is always
E-stable.
24
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4.2.1

Case 1: Benchmark JR

For the benchmark calibration in the JR model, I find that the rational expectations solution
violates the E-stability condition in Definition 3. This finding is in contrast to the standard real
business cycle model, which has an E-stable rational expectations solution, as shown by Evans and
Honkapohja (2001). That the unique, stationary REE for the benchmark JR model is not stable
under learning also demonstrates that determinacy need not imply learnability. Since the JR model
can reduce to the standard real business cycle model, there must exist parameter regions where the
rational expectations solution is E-stable. In what follows, I examine the parameter space outside
the benchmark JR calibration.
Based on Definition 3, the model’s E-stability is coming from the Jacobian matrix DTB . Figure
2 plots the maximum eigenvalue of the Jacobian matrix DTB , λ, as a function of the preference
parameter γ, holding all other parameters constant at their calibrated values. For γ ∈ (0, 1), the
most striking result is that the rational expectations solution is unlearnable when γ ∈ (0, 0.149),
which is necessary for the JR model to produce realistic business cycles. The parameter γ can be
interpreted as a measure of the inertia coming from preferences, and it is known from Evans and
Honkapohja (2001), Bullard and Mitra (2002), and Bullard and Eusepi (2014) that the presence of
lags can induce instability even in determinate models.26
However, there are regions in the parameter space that are E-stable. In the limiting case of
γ = 1, which corresponds to the utility representation of King, Plosser, and Rebelo (1988) used to
parameterize standard business cycle models, the REE of the JR model is E-stable, which can be
seen in Figure 1. This is in fact consistent with a finding from Evans and Honkapohja (2001) that
the standard RBC model yields an E-stable equilibrium. However, the model with γ = 1 cannot
generate positive comovement between output and labor since the wealth effect makes agents work
less in response to good news about the future. Notice that this case was investigated earlier in
Section 3 where the JR model is parameterized to be essentially the RBC model by shutting down
variable capital utilization, investment adjustment costs, and setting γ = 1. There the result that
the REE is E-stable at γ = 1 is preserved.
Table 2 summarizes the parameter values required for generating positive comovement as reported in Jaimovich and Rebelo (2009). When γ ∈ (0, 0.149), the REE is E-unstable and cannot
deliver positive comovement among the main macroeconomic variables. When γ ∈ (0.149, 0.4), the
REE is E-stable and can produce the requisite comovement. So there exists a region in the parameter space with determinate and learnable REE, with parameters that can generate news-driven
cycles. Finally when γ ∈ (0.4, 1) the model is E-stable but cannot produce realistic business cycles.
26
It is well known that depending on the parameterization, models with lagged endogenous state variables can be
both determinate and E-unstable. See for example Chapter 8.6 of Evans and Honkapohja (2001).
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Figure 2: E-Stability Region– Case 1

Importantly however, applied research— namely, Jaimovich and Rebelo (2009) and SchmittGrohe and Uribe (2012)— prefers values of γ that fall in the E-unstable region.
Table 2: JR Parameter Space
Description
Benchmark
Constraint
Utility parameter
γ = 0.001
γ < 0.4
00
00
Adjustment costs
φ (1) = 1.3 φ (1) > 0.4
δ 00 (u)u
δ 00 (u)u
Elasticity of utilization
δ 0 (u) = 0.15
δ 0 (u) < 5
To get a better sense of these results, I next separately consider the stability properties of the
three key ingredients of the JR model in more detail: the new class of preferences, variable capital
utilization, and investment adjustment costs. The main results for this exercise are presented in the
following three cases to get a clearer indication of how each of the model’s three key mechanisms
affect E-stability: (i) JR preferences, no variable capital utilization, no investment adjustment
costs; (ii) KPR preferences, variable capital utilization, no investment adjustment costs; and (iii)
KPR preferences, no variable capital utilization, investment adjustment costs.
4.2.2

Case 2: JR Preferences, No Capital Utilization, No Adjustment Costs

I first consider the model with JR preferences (γ ∈ (0, 1)), no variable capital utilization (ut = 1,
δ(ut ) = δ, δ 00 (u)u/δ 0 (u) → ∞), and no investment adjustment costs (φ(x) = 0 for all x, φ00 (1) = 0)
24

Figure 3: E-Stability Region– Case 2

to investigate the role of the new class of preferences in the JR model. All other parameter values
follow the benchmark JR specification as reported in Table 1.
Under this specification, the REE is E-unstable at γ = 0.001. Figure 3 plots the maximum
explosive root of the Jacobian matrix DTB as a function of the preference parameter γ ∈ (0, 1). All
other parameters are kept constant at their benchmark values. Figure 3 shows that the rational
expectations solution is E-stable for γ ∈ (0.527, 1) and unstable otherwise.
Together with the results from Case 1, this finding suggests that the non-separability of the
utility function and the special preferences designed to shut down the wealth effect on labor is
an important factor at influencing the model’s stability properties. Compared to Case 1 with
benchmark JR specifications, the model with constant utilization and no adjustment costs requires
a larger wealth effect on the labor supply for the E-stability conditions to hold. As γ → 1,
the utility function becomes the standard neoclassical specification and the model reduces to the
standard optimal growth setting. In this case, the rational expectations equilibrium is stable under
adaptive learning, consistent with Evans and Honkapohja (2001).
4.2.3

Case 3: KPR Preferences, Capital Utilization, No Adjustment Costs

Next I consider the model with standard KPR preferences (γ = 1), variable capital utilization,
and no investment adjustment costs (φ(x) = 0 for all x, φ00 (1) = 0) to investigate the role of
variable capital utilization on the model’s learnability properties. All other parameter values follow
the benchmark JR specification. This environment corresponds to the neoclassical growth model
25

augmented with variable utilization and news about future productivity. In this case, the model
under this calibration is E-stable, as all eigenvalues for each of the Jacobian matrices have real
parts less than one. As a result, agents will learn the equilibrium with probability one.
However under this calibration, the model cannot generate empirically plausible business cycles.
This is because γ = 1 cannot generate positive comovement among output and labor since the
wealth effect makes agents work less in response to good news about the future.
4.2.4

Case 4: KPR Preferences, No Capital Utilization, Adjustment Costs

Finally I consider the model with standard KPR preferences (γ = 1), no variable capital utilization
(ut = 1, δ(ut ) = δ, δ 00 (u)u/δ 0 (u) → ∞), and investment adjustment costs to investigate the role of
convex adjustment costs on the model’s E-stability properties. As before, all other parameter values
follow the benchmark JR specification. Again, I find that the rational expectations solution is Estable, satisfying Definition 3. However as in the previous case, the model under this specification
does not produce realistic business cycles.
Taken together, the results presented in Cases 1 through 4 show that for certain parameterizations, the JR model has an unstable rational expectations equilibrium. Crucially, this result is
contingent on the parameterization of the utility function and depends on the value of γ. When
the parameterization is chosen such that preferences are close to the KPR specification (γ = 1),
as in the standard real business cycle environment, the unique REE is E-stable and hence can
be learned by private sector agents through an adaptive learning process. Although E-stable, the
equilibrium in both Case 3 and Case 4 fail to deliver plausible business cycles. In particular, neither
case delivers the requisite comovement between the aggregate macroeconomic variables. Table 3
summarizes this stability and comovement tradeoff for the JR model.27
Table 3: Summary of Results for General JR Model With t − 1 Learning
Case 1
Case 2
Case 3
Case 4
JR
Preferences
Utilization
Adjustment Costs
E-unstable
E-stable / E-unstable
E-stable
E-stable
Comovement
No comovement
No comovement
No comovement

27

In Table 3, “no comovement” means that the JR model corresponding to the case examined cannot generate the
requisite comovement between the main macroeconomic aggregates.
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5

Conclusion

This paper examines stability under learning of the rational expectations equilibrium in a business
cycle model augmented with a new class of preference, variable utilization, and capital adjustment
costs that can produce empirically plausible news-driven cycles. As the main contribution of this
paper, I find that at parameter values necessary for generating recessions in response to bad news,
the rational expectations solution to the one-sector JR model is unstable under learning.
This finding however does not imply that other models with news, such as Beaudry and Portier
(2004) or Lorenzoni (2009) have unlearnable equilibria. The results in this paper does however
suggest that models featuring lags in agents’ decision rules may not be learnable. In fact, a promising direction for future research is to establish E-stability properties in a wider class of business
cycle models driven by news. A further challenge will be to construct calibrated versions of newsdriven business cycle models that are stable under learning, irrespective of assumptions on agents’
information sets.
More generally, the results from this paper also show that there should not be a general presumption that determinacy implies stability. Stability under learning is model-specific and depends
on the precise economic assumptions of the underlying model, such as how preferences are specified, and what information sets agents are assumed to have when forming expectations. Previous
studies have used a model’s learnability properties as a selection criterion in models with multiple
equilibria. What the results of this paper suggests is that E-stability can more broadly be used as
a litmus test for evaluating the plausibility of any model, not just models with multiple equilibria.
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Appendix
GHH Preferences (γ = 0), No Capital Utilization, No Adjustment Costs
The JR model with γ = 0 neutralizes the wealth effect on the labor supply. The economy will
be characterized by the following set of equations, corresponding to first order conditions for consumption, labor, and capital:
bt (1 + Rt+1 )(Ct+1 − ψNt+1 )−σ ,
(Ct − ψNt )−σ = β E

(35)

ψθNtθ−1 = Wt ,

(36)

Ct + Kt+1 = (1 + Rt )Kt + Wt Nt ,

(37)

where wages and the rental rate is given by Wt = αAt Kt1−α Ntα−1 and Rt = (1 − α)At Kt−α Ntα − δ.
The the first-order conditions above are then log-linearized around the steady-state, leading to
a linear system of expectational difference equations in five endogenous variables, all in logarithms,
ct , kt+1 , nt , wt , and rt :
θ

ct +

θ

θ

ψθN
bt nt+1 − (C − ψN ) E
bt rt+1 ,
bt ct+1 + ψθN E
nt = E
σC
σC
σC
W wt = ψθ(θ − 1)N
kt+1 = β −1 kt +

θ−1

nt ,

WN
C
WN
wt + Rrt − ct +
nt ,
K
K
K

wt = α(kt − nt ),


R+δ
rt = (1 − α)
(nt − kt ),
R

(38)
(39)
(40)
(41)
(42)

These equations can be combined to eliminate variables nt , wt , and rt to yield a system in
consumption and capital, which results in the system of equations for ct and kt+1 in the text:
bt ct+1 + ψ1 E
bt kt+1 ,
ct + ηkt = ψ2 E
kt = δ2 ct−1 + δ1 kt−1 ,
where
η=

αθ1
,
α + θ3
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ψ1 =


(α − 1)θ2 1 −

α
α + θ3



θ1 − 1
σ


+ η,

ψ2 = 1,


α
α2
−1
δ1 = β − (α − 1)θ2 1 −
+ α
(1 + θ3 ),
α + θ3
θ4 (α + θ3 )
δ2 = −[β −1 + αθ4−α ],
and

θ

ψθN
,
C
θ2 = 1 + δβ,
θ1 =

θ3 = ψθ(θ − 1)N

θ−1

,

1

θ4 = [β(1 − α)] α ,
αθ41−α
N=
ψθ


1
 θ−1

,

W = αθ41−α ,
C = [β −1 + αθ4−α ]θ4 N .

KPR Preferences (γ = 1), No Capital Utilization, No Adjustment Costs
The JR model with γ = 1 reduces to a version of the neoclassical growth model characterized by
the following efficiency equations for consumption, labor, and capital:
bt (1 + Rt+1 )(1 − ψN θ )(Ct+1 − ψN θ Ct+1 )−σ
(Ct − ψNt )−σ (1 − ψNtθ ) = β E
t+1
t+1

(43)

ψθNtθ−1 Ct
= Wt
1 − ψNtθ

(44)

Ct + Kt+1 = (1 + Rt )Kt + Wt Nt

(45)

where Wt = αAt Kt1−α Ntα−1 and Rt = (1 − α)At Kt−α Ntα − δ.
Log-linearizing around the steady-state results in a linear system of expectational difference
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equations in ct , kt+1 , nt , wt , and rt :
#
"
#
"
θ
θ
θ
θ
C − ψN
C − ψN b
ψθN θ
ψθN
C
−
ψN
b
b
E
n
−
ct +
1−
n
=
E
c
+
1
−
Et rt+1
t t+1
t
t t+1
θ
σ(1 − ψN θ )
C
C
σC
σ(1 − ψN )
(46)
C
θ
θ
θ−1
Cct
(47)
(1 − ψN )wt = ψθN [(θ − 1) − 1]nt + ψθN
N
kt+1 = β −1 kt +

WN
C
WN
wt + Rrt − ct +
nt
K
K
K

wt = α(kt − nt )


R+δ
rt = (1 − α)
(nt − kt )
R

(48)
(49)
(50)

These equations can be combined to eliminate variables nt , wt , and rt to yield a system in
consumption and capital:
bt kt+1 ,
bt ct+1 + ψ1 E
ct = ψ2 E
kt = δ2 ct−1 + δ1 kt−1 ,
where
ψ1 = −αφ0 θ1 ,


θ3
−1
θ4 φ 1 + 1 ,
−
ψ2 =
(β +
θ−1

−1
α
δ1 = −β −1
φ3 − 1
φ3



−1 
α
θ3
θ3
−1
−1
δ 2 = φ3
1 − φ3
− θ 4 φ1
− φ2
φ3
θ−1
θ−1
φ0 θ1 φ−1
3



−1

αθ4−α )

and
φ0 = 1 −

C − ψN

θ
θ

,

σ(1 − ψN )
θ

φ1 = 1 + θN ,


θ C
φ2 = ψθN
(θ − 1) − 1 ,
N
φ3 = 1 + α − φ−1
1 φ2 θ4 (1 + βδ),
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αθ41−α
N=
ψθ


1
 θ−1

,

C = [β −1 + αθ4−α ]θ4 N .

Time t-Dating of Expectations: General Model
This section reports agents’ PLM and T-maps under time t dating of expectations for the general
JR model.
As usual, the PLM is of the same form as the rational expectations solution and is the same as
in Section 4:
e t−1 + Bz
e t + C.
e
Vt = AV
Agents form forecasts given their PLM, where now all variables of the model at time t are included
bt Vt = Vt , agents’ forecasts are
in the information set. Since t-dating implies E
bt Vt+1 = AV
e t + Bρ
e z zt + C.
e
E
The availability of contemporaneous data, as assumed in this section, introduces a simultaneity
between expectations and current outcomes. This is reflected in Vt appearing on both sides of the
equation when substituting beliefs into the model 27:
e t + RVt−1 + (Q + P Bρ
e z )zt + P C.
e
Vt = W AV
Though solving this equation for Vt is mathematically simple, there is no clear way of ensuring
bt Vt+1 , which are also based on Vt . The t − 1-timing conconsistency between Vt and expectations E
vention invoked in Sections 3 and 4 however prevents the simultaneity problem by assuming instead
that agents cannot observe the current state Vt and must instead learn to form forecasts consistent
with current outcomes, which more clearly pins down how learning affects current outcomes.
Inserting time-t expectations into the reduced-form model yields the ALM:
Vt = TA Vt−1 + TB zt + TC .

(51)

e B,
e C)
e and on the parameters of
The matrices TA , TB , and TC depends on agents’ beliefs (A,
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the model (P , R, Q):
e −1 − R
TA = (I − P A)
e −1 (Q + P Bρ
e z)
TB = (I − P A)
TC

e −1 P C
e
= (I − P A)

The corresponding E-stability conditions are:
DTA = [(I − P A)−1 R]0 ⊗ [(I − P A)−1 P ]

(52)

DTB = ρ0z ⊗ [(I − P A)−1 P ]

(53)

= (I − P A)−1 P

(54)

DTC

As usual, E-stability requires that the Jacobian matrices DTA , DTB , and DTC have real parts
less than one. Performing an analogous analysis as the previous section, I find that the above
stability conditions are satisfied. Consequently, when agents can observe current state variables,
the REE is E-stable.
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